The Parke-Taylor multigluon amplitudes are examined in the multi-R,egge kinematics, which assumes strong rapidity ordering of the produced gluons, and are used to compute the n-gluon production cross section and the gluon-gluon total cross section.
In hadron scattering processes with large momentum transfer Q2, of the order of the center of mass energy s, we evaluate the physical quantities of interest by performing perturbative QCD calculations of parton cross sections as series expansions in the strong coupling constant cr,. Since the calculation of the coefficients in the series becomes quickly complicated as one goes to higher orders in the expansion, only very few coefficients are usually computed, that is calculations are performed at a fixed (and small) order in ad.
At the Tevatron, LHC and SSC hadron colliders a new kinematical region, the semihard region, characterized by scattering processes with s >> Q2 >> A&,, becomes important. In this region the momentum transfer is large enough to allow perturbative QCD calculations, but so much smaller than the center of mass energy that processes with production of a large number of partons become relevant. In the series expansion of the parton cross section each coefficient contains the logarithm _ of alarge ratio of kinematical invariants, of the order of In (s/Q2), and the effective expansion parameter becomes the product oS In (s/Q2), which may be O(1). Thus . .-. -_ -in the series expansion we have to retain many higher orders, which open up several real channels and are the cause of the abundant production of partons. To keep all this into account properly it is useful to have techniques that resum all the orders in the effective expansion parameter. To this end it is necessary to have analytical, albeit approximate, expressions for multiparton amplitudes.
In the semihard region, the leading contribution to scattering processes always comes from the exchange of a particle of highest spin, in our case a gluon, in the crossed channel"' . In the case of multiple gluon emission the rapidity interval between the scattered partons is filled with gluons. In the multi-Regge kinematics, which yields the leading logarithmic contribution to the cross section, the rapidi-_ ties of the emitted gluons are strongly ordered. Fadin, Kuraev and Lipatov"] computed long ago the multigluon amplitude in the multi-Regge kinematics. This amplitude contains all the virtual radiative corrections, whose effect is to reggeize the gluons exchanged in the crossed channel*']13' . Balitsky, Fadin, Kuraev and Lipatov (BFKL)"] computed then the total parton-parton cross section, by putting -Lx--the multi-gluon amplitude in the multi-Regge phase space, integrating out the rapidities of the produced gluons, and reducing the dependence of the cross section on the gluon transverse momenta to the resolution of an integral equation. In this equation the infrared real and virtual divergences exactly cancel and thus the eigenvalues do not depend on the infrared cutoff. The total parton-parton cross section is found then to have a power growth with s, with the power depending on the eigenvalue of the integral equation. Via the optical theorem the total partonparton cross section is related to the forward elastic parton-parton scattering with color-singlet exchange in the crossed channel, the perturbative QCD pomeron.
Another multigluon amplitude, the Parke-Taylor amplitude"' , which is a treelevel multigluon amplitude in a helicity basis, with a particular choice for the gluon helicities, is available in the literature. It is not specific to a particular kinematical -region. It has been used to make approximate calculations of the four-and fivejet production ratesR , which have been found to be in good agreement with the d&a!? -.
In this paper we want to consider the Parke-Taylor multigluon amplitude, for the production of an arbitrary number of gluons, in the multi-Regge kinematics, study the color flows of the produced gluons on the Lego plot in azimuthal angle and rapidity, and compute the total gluon-gluon cross section. Since the virtual radiative corrections are missing in the Parke-Taylor amplitudes, we will have to cut off the infrared real divergences and we expect the slope of the pomeron trajectory to depend on the infrared cutoff.
We will find that introducing an infrared cutoff is not enough, and we also have to regulate the behavior of the amplitudes in the ultraviolet, to avoid the rise of _ an unphysical singularity in the total cross section. The same happens also in the BFKL multigluon amplitude if we neglect the contribution of the virtual radiative corrections. Thus a multigluon amplitude without virtual radiative corrections seems inherently ill-suited for the calculation of a fully inclusive quantity, like the total cross section. 
If we assume that all the gluons are outgoing, the subamplitude for the maximally helicity violating configuration (-, -, +, -. . , +) is given by15'
where the spinor product is defined as < pq >= F(p)$+(q), with k(P) = &=75)+(P)* ti(P) is a massless Dirac spinor, normalized in such a way that I < pq > I2 = 2(p -q).
By replacing the Parke-Taylor subamplitudes (4) into (1) and using the incoherence to leading order in the number of colors (2) where we label the incoming gluon momenta as PA and PB, and (5) i,j = A,0 ,..., n + 1, B. The overall factor 2 at the beginning of the right hand .--side of (5) 
-
In this kinematics the sum over helicities becomes and the function
In the multi-Regge kinematics Fij becomes
where we assumed that the rapidity interval between any two gluons is large enough that we can neglect the azimuthal-correlation term in (10) . Thus in the I :
Parke-Taylor amplitudes in multi-Kegge kinematics (7) the azimuthal correlation between the produced gluons is not a leading order effect. We notice, though, that in the BFKL multigluon amplitudes"' there is azimuthal correlation between the produced gluons, due to the propagators of the gluons exchanged in the t channel.
Only at the end of the day, in the solution of the BFKL integral equation, we do realize that the azimuthal correlation is a subleading effect.
-In considering the sum over colors, we have to sum over all the non-cyclic permutations of the set [A, 0, l,..., n+l, B) in (9) . To do so, let us fix the position of gluon A in the set and move gluon B one step at a time to the left, and for each position of gluon B we consider all the permutations of the n + 2 outgoing gluons.
This will exhaust all the non-cyclic permutations of the set above. They are not all different, though, since for each color ordering in (9) there is the reversed ordering -which, because of (3) 
This corresponds to the configuration of fig.3(a) , which we untwist in fig.3(b) . there is a color ordering with nB gluons on the front and nF gluons on the back which yields the same contribution to (9) .
It is clear that also the BFKL amplitude must admit a distribution of the produced gluons on a double-sided Lego plot. We have not been able, though, to make such an identification.
Parke-Taylor gluon-gluon total cross section
We are now in the position to compute the n-gluon production and the gluongluon total cross sections from the Parke-Taylor amplitudes in the multi-Regge kinematics. In order to dispose of the infrared divergences we will cutoff the gluon transverse momenta pl at a characteristic scale m. This corresponds to the following experimental setting: in hadron-hadron scattering, we tag two jets at a large rapidity interval on the Lego plot and count all the accompanying jets produced in between, and we require that all the jets have transverse momentum larger than a cutoff m'11"21. The phase space for the production of n + 2 gluons in multi-Regge kinematics, where s >> m2 and J?~ N m2 and the gluon rapidities are strongly ordered (7), can be written as where we have used the conservation of energy and longitudinal momentum to fix the rapidities of the gluons at the extremes of the Lego plot.
The case where two gluons become collinear, and the related function Fij (10) blo%s'u~, is not included in the multi-Regge kinematics. It may appear, though, as a contribution at the boundary of the integration in the phase space (21). To rule this out, we strictly enforce the strong rapidity ordering (7), i.e. we assume that any two gluons cannot get closer in rapidity than a fixed cutoff ii, defined in such a way that (11) is valid over the whole phase space and the azimuthal correlation is negligible everywhere. The exact value of v is actually unimportant, since in the leading logarithmic approximation the whole rapidity interval VA -VB is defined up to an additive constant. In the following we will assume that a cutoff q has been introduced and we will neglect it. It is worth recalling though that the BFKL multigluon amplitudes do not have such a problem at the boundary of the phase space, since there is an explicit cancellation of the real and virtual infrared contributions in the BFKL integral equation.
Using (20) and (21), we can compute the n-gluon production cross section.
For n = 0 we obtain the tree-level elastic cross section, i.e. the Born term for gluon-gluon scattering 
with 7 the Euler-Mascheroni constant, the integral over the impact parameter b is well defined. The transverse-momentum-conserving b-function has provided two more powers of the momentum in the denominator of the left hand side of (24), and thus has suppressed the ultraviolet growth of the transverse momentum, as expected, since the ultraviolet divergences are an artifact of the loop corrections _ and do not appear at tree level.
We perform the integrals over the gluon rapidities, bound by the rapidity interVd f10-7,1n+l 2! VA--B = h(S/m2) b e t ween the gluons at the extremes of the Lego plot, using the strong ordering (7). Then, fixing x = h and z = @ ln(s/m2 j and using (24), th e n-gluon production cross section (23) becomes I :
.s----r, -.I (22) and (26), we can write the total cross section for gluon-gluon scattering as
The integral shows an exponential growth in a double logarithm, which for a large enough-z leads to a singularity, i.e. the series constructed from (26) is not integrable, even though the single terms (26) in the series are. We remark that the BFKL total cross section"' does not share such a behavior, since the virtual radiative corrections precisely cancel the doubly logarithmic growth of the real ones, and one is left over with an exponential growth in rapidity.
Performing the integral over the impact parameter in (27), we obtain
-where I? is the Euler gamma function. When z 2 2, the total cross section becomes singular.* The singularity comes from the lower end in the integral over the impact _ parameter, i.e. from the ultraviolet behavior of the transverse momenta. That is because the reasoning which follows (24) applies only to finite n, but not to the infinite resummation (27).
* Conversely, we may integrate each term in the series before resumming it, using the approximation (25), and we obtain utd N (1 -~/2)-~ for z w 2, in agreement with (28).
We notice, though, that the transverse momentum of each of the produced gluons cannot grow beyond a value pmoz < 4, because of energy conservation.
Thus we regulate the integral over the impact parameter in (26) requiring that b > llpmaz, and we evaluate it using (25) and the saddle-point approximation. As long as i) n + 2 < 2 log %, the integral is well approximated by 
n which dominates over the contribution of on with small n to btot, as long as z > 2.
In the BFKL theory, the virtual corrections suppress the exponential growth in the double logarithm by not allowing the gluon transverse momenta to become much larger than m.
(32) shows the doubly logarithmic growth, typical of a kinematical regime where there is a strong ordering both in rapidity and transverse momentum. So even if we have explicitly suppressed this regime, as said in the discussion which follows (21) since it does not belong to the multi-Regge kinematics, it does reappear in the total cross section. It would happen the same in the BFKL total cross section if we neglected the virtual radiative corrections. Indeed if in the BFKL integral evolution equation we suppressed the term that describes the reggeization of the gluon exchanged in the t channel, i.e. we discarded the virtual radiative corrections, there would be no cancellation of the divergences in the eigenvalue of the integral equation, and in the BFKL total cross section we would have to regulate by hand the ultraviolet growth of the transverse momentum, obtaining the same behavior as in (32).
. This shows an inherent difference between the Parke-Taylor and the BFKL multigluon amplitudes. Because of the cancellation of the virtual and real infrared contributions in the BFKL integral equation, the BFKL amplitudes are particularly suited for the calculation of a fully inclusive quantity, like the total cross section.
For such a quantity the Parke-Taylor amplitudes do not fare well. They may be better suited for the calculation of exclusive quantities, like the n-gluon production cross section (26), h w ere the excessive growth due to the lack of virtual radiative corrections may be taken care of by using appropriate kinematical cuts, as we have seen above. 
